Abstract: Recent advances in the field of compressive sensing indicate that it is possible to robustly reconstruct images from judicious compressive samples. In this paper, we propose a novel model to achieve compressive super-resolution imaging based on an optical realization of scrambled block Hadamard ensemble sensing operation. We further demonstrate that the proposed model can achieve a four-time higher spatial resolution imaging with a small number of measurements in a single-shot acquisition process.
Introduction
High-resolution (HR) images not only bring a visual enjoyment but provide detailed information for subsequent processing as well. Due to the diffractive limitation resulting from the optical wavelength and the numerical aperture, an optics delivering system usually acts as a low-pass filter, sparing the low spatial frequencies of an object spectrum but cutting off its high frequency information [1] . Furthermore, in HR digital imaging system the sensing element (e.g., CCD) needs to have a) a sufficiently large number of pixels and b) a sufficiently small pixel size. From the perspective of manufacturing technology, once the pixel size of the CCD is smaller than the infimum, the CCD will be seriously affected by the pulse noise, and each photosensitive part of the CCD may receive little light energy. Moreover, a high density and large array CCD will lead to a budget increase.
Consequently, in recent years, many super-resolution (SR) imaging techniques have been proposed to break these limitations through capturing enough additional object information and then performing some image processing that extracts the HR data from the overall captured data. Additional information can be typically captured by multiple sub-pixel shifted exposures (e.g., the well-known synthetic aperture (SA) method [2] ). Although these methods can extend the spatial frequency of an imaging system beyond its normal limitations, a complexly priori model is required, and the acquisition of multi-frame low-resolution (LR) images of the same scene is also required and limited by the Shannon-Nyquist sampling theorem.
Contrary to conventional signal processing, the compressive sensing (CS) framework allows sampling and reconstruction of signals from a small number of measurements, which are significantly lower than that required by the Shannon-Nyquist sampling theorem [3] , [4] . The core idea behind CS is that a small number of linear non-adaptive measurements can carry sufficient information for a good approximation of the signal [3] . Due to its unique advantages, researchers have presented so many applications for CS on optical imaging, which is usually named compressive imaging (CI) [5] - [10] . In CI, the acquisition process is accomplished by taking an appropriate set of linear measurements, however, the design of simple and effective optical sensing architecture is still a huge challenge.
In this work, one of two main motivations is presenting a novel, simple and effective sensing architecture, which is based on a physical realization of scrambled block Hadamard ensemble (SBHE) sensing operation in the 4f optical system. The other one is combining CI and SR techniques to achieve compressive super-resolution imaging. For simplicity, our imaging model is named SBHE-SR for short. In our SBHE-SR model, the CI technique allows image restoration from a small number of measurements, and the SR technique allows resolution improvement beyond that limited by diffraction. To the best of our knowledge, this is the first work to demonstrate the optical realization of SBHE-SR model with a phase-only liquid crystal light valve (LCLV). The control signals of LCLV are highly programmable, and written to each light valve by an electrically addressed method [11] . Our SBHE-SR model uses a single-shot acquisition process in a single exposure without sacrificing the field of view and does not require any movement against to some conventional SR imaging systems.
This paper is organized as follows: In Section 2, we show the optical realization of SBHE. In Section 3, we explain our SBHE-SR model. In Section 4, we provide experimental results. We make a conclusion in Section 5.
Optical Realization of SBHE
The key component behind CI is the design of sensing matrix at the encoder that must be highly incoherent with the sparse transformation of the signal. In general, random Gaussian or Bernoulli matrices are desirable to be used in CI due to their universal incoherence on any sparse basis. However, they have two major shortcomings in the actual application: a) huge storage space of elements and b) high computational complexity.
The SBHE matrix which combines the partial block Hadamard transform and randomly permuting [12] , is a highly sparse sensing operation and defined as
W denotes a block diagonal matrix of size N Â N, and is defined as
W B represents a Hadamard matrix of size B Â B, and P N and Q N are scrambling operators which can randomly reorder the N columns and rows, respectively [12] . In order to illustrate the unique advantages of the SBHE matrix, we firstly regard the Lena image of size 256 Â 256 pixels which is sparse in the orthogonal wavelet basis as the input information, and then respectively multiply the input information by the aforementioned three sensing matrices to obtain measurement samples. Finally, we use the orthogonal matching pursuit (OMP) algorithm [2] to reconstruct the image from the measurement samples on a PC running four cores of the Intel Core 4 3.20 GHz CPU with 8 GB of RAM. Reconstruction performance comparisons of three sensing matrices are shown in Fig. 1 . From Fig. 1 , we find that the SBHE matrix has the same performance as the random Gaussian and Bernoulli sensing matrices do when it satisfies two conditions of Proposition 1 in Reference [12] , but the SBHE matrix takes the least running time to reconstruct the Lena image with the same measurement samples. Furthermore, the SBHE matrix contains only a small amount of nonzero elements resulting in a significant reduction of the storage space. Therefore, it is urgently necessary to realize the SBHE operation in optics instead of the random Gaussian and Bernoulli sensing matrices. Considering the strong anti-interference ability of the 4f optical system, we apply the SBHE sensing operation in the Fourier spectrum rather than in the spatial domain. However, the nonzero elements of SBHE include either −1 or 1, and we have to encode the complexvalued function F ðx ; y Þ ¼ Mðx ; y Þexp½iðx ; y Þ of SBHE on a phase-only LCLV. Mðx ; y Þ and ðx ; y Þ represent the amplitude function and the phase function with 2-D coordinates ðx ; y Þ in the Fourier spectrum, respectively. In order to accomplish this encoding, we utilize the method proposed in [13] , and then the transmission function of the phase-only LCLV can be given by
where L is a linear phase term to spatially separate the additive noise [13] . The Fourier-series representation of (3) is written as
where q represents the diffractive order, and the coefficients T q ðx ; y Þ are given by
In the actual application, we have to correct the aforementioned transmission function for a given diffractive order ðq ¼ 1Þ. First, we multiply the function T 1 ðx ; y Þ by the complex conjugate of the exponential factor in (5) and obtain
Second, we create a distorted amplitude function M 0 ðx ; y Þ, using an appropriate lookup table that compensates for the distortion created by the sinc function. Consequently, we can obtain the desired amplitude function from
Finally, we substitute M 0 ðx ; y Þ for Mðx ; y Þ in (3) and obtain the corrected transmission function T 0 ðx ; y Þ % expfiM 0 ðx ; y Þ½ðx ; y Þ þ L g. As the corrected transmission function changes, the diffraction efficiency of LCLV is spatially modified to accomplish the SBHE sensing operation. According to Reference [12] , the minimum number M of measurements for reconstructing a length-N signal should satisfy
where C is some constant, and R is the number of non-zero sparse coefficients of the signal.
Compressive Super-Resolution Imaging With SBHE
The schematic diagram of our SBHE-SR model is shown in Fig. 2 . We assume that the LCLV has a pixel pitch of size Á h , which is considered to serve as the grid of potentially achievable HR object whose complex-field distribution is f h ðu; v Þ with 2-D coordinates ðu; v Þ on the object plane. We also assume that the HR object is of size NÁ h Â MÁ h , and then is sub-sampled by a CCD with two integer factors L and L in the horizontal and vertical directions, respectively. Consequently, the number of photosensitive pixels on the CCD is N=L Â ðM=L Þ. Moreover, the pixel pitch of the CCD is denoted by Á l . Let denote the wavelength of the coherent light, f 2 and f 3 denote the focal lengths of Fourier lenses L 2 and L 3 , and p 2 ðu; v Þ and p 3 ðx ; y Þ denote the aperture functions of L 2 and L 3 , respectively. If we use the Fraunhofer and the Fresnel diffraction integrals, the complex-field distribution K ð; Þ with 2-D coordinates ð; Þ on the detector plane can be written as
F h ðx ; y Þ denotes the complex-field distribution of f h ðu; v Þ in the Fourier spectrum and is written as T 0 ðx À x n ; y À y m Þ denotes the aforementioned transmission function at the position of the coordinates ðx n ; y m Þ ¼ ðnÁ h ; mÁ h Þ.
According to (9), we find that the Fresnel diffraction pattern at the focal plane of the Fourier lens can be regarded as the Fraunhofer diffraction one. Then we can utilize two reasonable assumptions for the digital sensing imaging. The first one is that the wavelength dependences of the complex-field distribution and the pixel sampling function can be neglected. The second one is that the complexity in the pixel sampling (e.g., crosstalk, shading, and nonuniform response) can also be neglected. These two assumptions are built on the basis of quasimonochromatic illumination and the mature manufacturing technology. Based on these two assumptions, the observable intensity distribution can be written as
where h ccd ð; Þ ¼ rectð=Á l Þrectð=Á l Þ denotes the pixel sampling function [see Fig. 3 (a)], and " ccd denotes the measurement noise caused by the charge transfer in the CCD and the digital quantization. The matrix formulation of (11) can be written as
denotes the convolution operation, and D # denotes the down-sampling matrix with L ¼ L ¼ 2 in our SBHE-SR model. The matrix formulation of (9) is written as
where F is the discrete Fourier transform matrix, F À1 is the inverse transform of F , T ðÃÞ is the matrix formulation of T 0 ðx ; y Þ, É denotes the orthogonal basis, denotes the sparse coefficient matrix of f h in É, and P 2 and P 3 are the matrix-vector representations describing the aperture functions p 2 ðu; v Þ and p 3 ðx ; y Þ, respectively. The number of measurements in our model is only 25% of HR image's pixels, and satisfies (8) for an accurate reconstruction.
The complex-field distribution K can be recovered from the captured intensity image illuminated by the coherent light by using an iterative phase-retrieval algorithm with some support constraints (e.g., the modulus of K is nonnegative and equal to the measured modulus ffiffiffi I l p . The extent of K must be small) [14] , [15] . Remarkably, K is spatially sparse, which alleviates the limitation of dimension constraint in conventional Coherent Diffractive Imaging (CDI) [14] . Compared with the sub-wavelength CDI [16] , our SBHE-SR model uses an iterative phase-retrieval algorithm rather than the interferometric technique to recover the complex-field distribution, thus reducing the complexity of optical hardware and improving the system stability. Then, we can solve the following minimization problem to reconstruct f h :
where is the optimal solution, is a positive weight to promote a certain optimum structure, and TV iso ðÞ stands for the discrete total variation (TV) regularization term. We utilize the two-step iterative shrinkage/thresholding (TWIST) algorithm to solve (14) , which is an iterative convex optimization with two previous estimations [17] . Consequently, the reconstructed complex-field distribution of the HR object can be estimated byf h ¼ É. In this paper, we focus more on the intensity distributionf Ã hf h than the phase distribution (f Ã h is the complex conjugate off h .).
Experimental Results
In this section, we present a practical experiment to prove that our SBHE-SR model can recover the object information at a spatial resolution extension. For this purpose, a laser line ð ¼ 632:8 nmÞ is used as the light source. A beam expender (BE) and a collimation lens L1 are used to obtain an amplified parallel beam. The USAF target upon the mask [see Fig. 3(b) ] at the focal plane of L1 is imprinted by the parallel beam, and regarded as the input information. We place a reflective phase-only LCLV at the focal plane of the Fourier lens L2, achieving the SBHE sensing operation in the Fourier spectrum. The LCLV used in our experiment has a resolution of size 1920 Â 1080 pixels and a pixel pitch of size 8 m. It is very important to note that the LCLV should be gamma calibrated before modulation, although this process will take a moment. Then we can load the phase distribution pattern to the LCLV according to the generated transmission function from (7).
We place a monochrome CCD camera of size 128 Â 128 pixels at the focal plane of L3 to directly register the intensity information of the detector plane, and the CCD camera has a pixel pitch of size 8 m and an 8-bit output. Let us define F nom as the nominal cutoff frequency set by the HR object's pixel pitch, F 2cutoff and F 3cutoff as the cutoff frequencies of L 2 and L 3 , respectively. In our experiment, we preset f 2 ¼ f 3 ¼ 400 mm, F 2cutoff ¼ F nom =4, and F 3cutoff ¼ F nom . Consequently, the imaging device is diffraction-limited by F 2cutoff . The measured data can be collected by a single-shot acquisition process in a single exposure. We use the input-output algorithm [14] to recover the complex-amplitude distribution K from the captured intensity image. Finally, we use the TWIST algorithm to reconstruct the complex-field distributionf h , and obtain the intensity image of HR object.
In order to illustrate the performance of our SBHE-SR model, we compare our imaging model with the conventional interpolated imaging and the method realized by using the sensing model proposed in [8] , which is a common, effective and mostly used one in CI. The comparison results are shown in Fig. 4 . For simplicity, the reconstructed HR object has a size of 2.048 mm Â 2.048 mm and a pixel pitch of size 8 m, and the overall captured intensity images are made a 180 degree counter-clockwise rotation to facilitate the observation. Accordingly, Fig. 4(a) shows the intensity image of size 128 Â 128 pixels captured by using our SBHE-SR model. Fig. 4(b) shows the intensity image of size 128 Â 128 pixels captured by using a plane mirror instead of the LCLV in the Fourier spectrum. The mirror only changes the wave propagation direction without any modulation. Furthermore, Fig. 4(c) shows the intensity image of size 128 Â 128 pixels captured by using the sensing operation proposed in [8] . The reconstructed result of our model is shown in Fig. 4(d) and (e) shows an interpolated version of Fig. 4(b) by utilizing the bi-cubic interpolation algorithm. The reconstructed result of using the sensing operation proposed in [8] is shown in Fig. 4(f) . Fig. 4(i), Fig. 4 (g) has much less visual artifacts and noise in the same measurements. Consequently, the SBHE sensing operation has a better performance than the sensing operation proposed in [8] does. This stems from the fact that the elements of SBHE include not only 0 and 1 but also −1 with an unequal probability distribution, which can lead to a lower mutual coherence with the orthogonal basis.
Summary
In this paper, we propose a novel model to achieve compressive super-resolution imaging based on an optical realization of SBHE sensing operation in the 4f optical system. An effective and simple complex amplitude encoding method is implemented to transform the complexvalued function of SBHE into non-negative phase modulation factors for the LCLV. Furthermore, we provide a practical experiment to demonstrate a four-times higher spatial resolution improvement with a small number of measurements in a single-shot acquisition process. Since the compressive sampling process of our proposed model works with a single exposure, it can enable SR imaging with real time scene acquisitions. The limitations of our imaging model lie in that the grid of potentially achievable HR object should be limited by the pixel pitch of the LCLV rather than that of the CCD, and the theoretical analysis of our SBHE-SR model is based on the coherent illumination. If the pixel pitch of a single-photon camera [18] , [19] is not less than that of the LCLV and the number of its sensing pixels satisfies the minimum number of measurements required by (8) , it will be possible to use a single-photon camera instead of the CCD in our proposed model for low noise and HR imaging. The specific applications and improvements of our imaging model will be considered in future.
